In recent decades, a number of centrality metrics describing network properties of nodes have been proposed to rank the importance of nodes. In order to understand the correlations between centrality metrics and to approximate a high-complexity centrality metric by a strongly correlated low-complexity metric, we first study the correlation between centrality metrics in terms of their Pearson correlation coefficient and their similarity in ranking of nodes. In addition to considering the widely used centrality metrics, we introduce a new centrality measure, the degree mass. The mth-order degree mass of a node is the sum of the weighted degree of the node and its neighbors no further than m hops away. We find that the betweenness, the closeness, and the components of the principal eigenvector are strongly correlated with the degree, the 1st-order degree mass and the 2nd-order degree mass, respectively, in both network models and real-world networks. We then theoretically prove that the Pearson correlation coefficient between the principal eigenvector and the 2nd-order degree mass is larger than that between the principal eigenvector and a lower order degree mass. Finally, we investigate the effect of the inflexible contrarians selected based on different centrality metrics in helping one opinion to compete with another in the inflexible contrarian opinion (ICO) model. Interestingly, we find that selecting the inflexible contrarians based on the leverage, the betweenness, or the degree is more effective in opinion-competition than using other centrality metrics in all types of networks. This observation is supported by our previous observations, i.e., that there is a strong linear correlation between the degree and the betweenness, as well as a high centrality similarity between the leverage and the degree.
Introduction
Recent research has explored social dynamics [1, 2, 3] by using complex networks in which nodes represent people/agents and links the associations between them. Such centrality metrics as degree and betweenness have been studied in dynamic processes [4, 5, 6, 7] , such as opinion competition, epidemic spreading, and rumor propagation on complex networks. These studies used centrality metrics to identify influential nodes [4, 5, 6] , such as the source nodes from which a virus spreads and the nodes with high spreading capacity, as well as to select which nodes are to be immunized when a virus is prevalent [7] . Numerous centrality metrics have been proposed. Degree, betweenness, closeness, and principal eigenvector are the most popular centrality metrics [4, 8, 9, 10, 11, 12, 13] . Several new centrality metrics have been introduced in a number of different fields recently. Kitsak et al. [5] studied the SIS and SIR spreading models on four real-world networks and proposed that the k-shell index is a better indicator for the most efficient spreaders (nodes) than degree or betweenness. Reference [14] proposes a new centrality metric-leverage-for identifying neighborhood hubs (the most highlyconnected nodes) in functional brain networks. Leverage centrality identifies nodes that are connected to more 2 Definition of network centrality metrics Centrality metrics quantify node properties in a network. Here we first review some centrality metrics that are widely used or have been recently proposed [4, 8, 9, 10, 11, 12, 5, 14, 28] . We then propose a new centrality metric, which we call degree mass. Let G(N , L) be a network, where N is the set of nodes and L is the set of links. The number of nodes is denoted by N = |N | and the number of links by L = |L|. The network G can be represented by an N × N symmetric adjacency matrix A, consisting of elements a ij , which are either one or zero depending on whether node i is connected to node j or not. The networks mentioned in this paper are simple, unweighted and do not have self-loops or multiple links.
• Principal eigenvector x 1 The largest eigenvalue of the adjacency matrix A is λ 1 , also called the spectral radius [29] . The principal eigenvector x 1 corresponding to the spectral radius λ 1 satisfies the eigenvalue equation
Component j of the principal eigenvector is denoted by (x 1 ) j . The X 1 is the element in the principal eigenvector that corresponds to a random node.
• Betweenness B n Betweenness was introduced independently by Anthonisse [30] in 1971 and Freeman [9] in 1977. The betweenness of a node i is the number of shortest paths between all possible pairs of nodes in the network that traverse the node
where σ sd (i) is the number of shortest paths that pass through node i from node s to node d, and σ sd is the total number of shortest paths from node s to node d. The betweenness B n incorporates global information and is a simplified quantity for assessing the traffic carried by a node. Assuming that a unit packet is transmitted between each node pair, the betweenness b ni is the total number of packets passing through node i [31] .
• Closeness C n
The closeness [32] of a node i is the average hopcount of the shortest paths from node i to all other nodes. It measures how close a node is to all the others. The most commonly used definition is the reciprocal of the total hopcount,
where H ij is the hopcount of the shortest path between nodes i and j, and j∈N \{i} H ij is the sum of the hopcount of the shortest paths from node i to all other nodes. Closeness has been used to identify central metabolites in metabolic networks [33] .
• K-shell index K s
The k-shell decomposition of a network allows us to identify the core and the periphery of the network. The k-shell decomposition proceedure is as follows:
(1) Remove all nodes of degree d = 1 and also their links. This may reduce the degree of other nodes to 1.
(2) Remove nodes whose degree has been reduced to 1 and their links until all of the remaining nodes have a degree d > 1. All of the removed nodes and the links between them constitute the k-shell with an index k s = 1.
(3) Remove nodes with degree d = 2 and their links in the remaining networks until all of the remaining nodes have a degree d > 2. The newly removed nodes and the links between them constitute the k-shell with an index k s = 2, and subsequently for higher values of k s .
The k-shell is a variant of the k-core [34, 35] , which is the largest subgraph with minimum degree of at least k. A k-core includes all k-shells with an index of k s = 0, 1, 2, · · · , k. An O(m) algorithm for k-shell network decomposition was proposed in Ref. [36] . The k-shell index of the original infected node is a better predictor of the infected population in the susceptible-infectious-recovered (SIR) epidemic spreading process than other centrality metrics, such as the degree [5] .
• Leverage L n Joyce et al. [14] introduced leverage centrality in order to identify neighborhood hubs in functional brain networks. The leverage measures the extent of the connectivity of a node relative to the connectivity of its nearest neighbors. The leverage of a node i is defined
where N i is the directly connected neighbors of the node i. With the definition of l ni and the range [1, N − 1] of the degree d i in connected networks, the leverage of a node i is bounded by
. Hence the range of the leverage l ni is [−1 + 2/N, 1 − 2/N ] and the equality occurs in star graphs and complete graphs K N . The leverage of a node is high when it has more connections than its direct neighbors. Thus a high-degree node with high-degree nearest neighbors will probably have a low leverage.
• Degree mass D The degree of a node i in a network G is the number of its direct neighbors,
T is the all-one vector. Here we propose a new set of centrality metrics, the degree mass, which is a variant of degree centrality. The mth-order degree mass of a node i is defined as the sum of the weighted degree of its m-hop neighborhood,
where m ≥ 0. The weight of the degree d j is the number of walks 4 of length no longer than m from node i to node j. The weight of d j is larger than the weight of d l when node l is farther than node j from node i. The mth-order degree mass vector is defined
N ]. The 0th-order degree mass is the degree centrality. The 1st-order degree mass of node i is the sum of the degree of node i and the degree of its nearest neighbors. When m is large, the mth-order degree mass is proportional to the principal eigenvector.
Correlations between centrality metrics
We investigate the correlations between the centrality metrics introduced in Sec. 2, in both network models and real-world networks. The network models include the Erdős-Rényi (ER) network and the scale-free (SF) network. ER networks are characterized by a binomial degree distribution with Prob
where N is the number of nodes and p is the probability that each node pair is connected. A SF network [20, 37] has a power-law degree distribution with Prob
, where k min is the smallest degree, k max is the degree cutoff, and α is the exponent characterizing the broadness of the distribution. In this work we use the natural cutoff at approximately N 1/(α−1) and k min = 2. We consider 34 real-world networks, e.g., airline connections, electrical power grids, and coauthorship collaborations. The descriptions and properties of these real-world networks are given in Appendix A. We study the correlations between any two centrality metrics using the Pearson correlation coefficient and the centrality similarity.
Pearson correlation coefficients between centrality metrics
Here we explore the linear correlation between the centrality metrics using numerical simulations in both ER and SF networks as well as in real-world networks. The results in Appendix B indicate that strong linear correlations do exist between certain centrality metrics in both ER and SF networks, and that network size has little influence on the correlations. Note that the k-shell index is weakly correlated with all the other centrality metrics. This might be the case because the k-shell indices of all nodes are similar to each other in binomial networks. We note the following seemingly universal relations between the degree masses and three centrality metrics, the principal eigenvector x 1 , the closeness C n and the betweenness B n , as
in most real-world networks (see Figs. 1a, 1b, and 1c). The same results can be found in both ER and SF networks (see Appendix B). We theoretically prove the inequality ρ(
networks in Sec. 4. 
) ρ(Cn, D 
) ρ(Bn, D (2) ) (c) Almost all of the Pearson correlation coefficients ρ(X 1 , D (2) ), ρ(C n , D (1) ), and ρ(B n , D) are large (> 0.95) in both ER and SF networks (see Figs. 7 and 8) and are also large (> 0.6) in most real-world networks (see Fig. 1 ). The betweenness of a power-law distributed network also follows a power-law distribution [38] . This supports the strong linear correlation between the betweenness B n and the degree D in SF networks [17] .
Centrality similarities M A,B (Υ) between centrality metrics
Different centrality metrics rank the nodes in different orders within a network. The centrality similarity was proposed in Ref. [39] to quantify the similarity of centrality metrics in ranking nodes.
Definition In a graph G(N, L) assume we obtain two node rankings, [a (1) , a (2) , · · · , a (N ) ] and [b (1) , b (2) , · · · , b (N ) ], according to centrality metrics A and B, where a (j) or b (j) is the node whose centrality metric A or B is the j-th largest in the networks. The centrality similarity M A,B (Υ) is the percentage of the nodes in [a (1) , a (2) , · · · · · · , a (ΥN ) ], which are also in [b (1) 
The measure M A,B (Υ) gives the percentage of overlapping nodes from the top 100Υ% of nodes, ranked by the centrality metrics A and B, respectively. The range of M A,B (Υ) is between [0, 1] . If the 100Υ% of nodes chosen by centrality metric A are not at all in the 100Υ% of nodes chosen by centrality metric B, M A,B (Υ) = 0. It means that the most important (top 100Υ%) nodes chosen by the two centrality metrics are completely different, i.e., the centrality metrics A and B differ greatly. When all nodes are chosen (Υ = 1) there is a full overlap, which indicates that M A,B (1) = 1. For a given Υ < 1, a larger M A,B (Υ) represents a stronger correlation between the two centrality metrics A and B.
Centrality similarities in network models
We study the centrality similarity M A,B (Υ) between any two centrality metrics We observe that in both ER and SF networks, the M Bn,D (Υ) is notably larger than the centrality similarity between B n and any other centrality metric;
The k-shell index has low similarity with other metrics in ER networks for the same reason mentioned in Sec. 3.1. All these observations agree with what we have found using the Pearson correlation coefficients in Sec. 3.1. is the highest among the centrality similarities between A and all other centrality metrics, when Υ = 5%. The centrality metric A is given by the x-axis label, and B is reflected by the pattern described in the box on right side. Take the betweenness Bn as an example. The centrality similarities between Bn and all the other metrics are compared with each other to find the largest similarity in each real-world network. For instance, the MB n ,Cn (Υ) is the largest centrality similarity in 'Electric s208' network, so that one is counted into the leftmost bar of Bn (with Cn).
Centrality similarities in real-world networks
For the 34 real-world networks the percentage Υ should be larger than 3%, since the smallest network only has 35 nodes. We compare the similarity between each centrality metric (e.g., B n ) and all other metrics to determine which metric is the closest to the centrality metric (e.g., B n ). In Fig. 3 the height of each bar indicates the number of networks in which M A,B (Υ) is the highest among the centrality similarities between A and all the other centrality metrics. The bar chart shows that the D, D (1) , and D (2) are, respectively, most similar to B n , C n , and x 1 in most real-world networks, which is consistent with what is observed in the network models. We also observe that either M Ln,D (Υ) or M Ln,Bn (Υ) is the largest among the centrality similarities between L n and all other metrics in most real-world networks.
Theoretical analysis
The above simulations indicate that the three lowest-order degree masses, with a low computational complexity, are strongly correlated with the betweenness, the closeness, and the components of the principal eigenvector, all of which are complex to compute. We first prove that the high-order (m → ∞) degree mass is proportional to the principal eigenvector x 1 in any network. Next we prove that when m is small the correlation between degree mass and the principal eigenvector increases with an increase in m, i.e., ρ(
We then apply the generating function method [40, 41] to analyze such statistical properties of the degree masses as expectation and variance (see Appendix C).
Theorem 1
The mth-order degree mass vector d (m) is proportional to the principal eigenvector x 1 in any network with a sufficiently large spectral gap when m → ∞.
Proof.
The mth-order degree mass vector
Literature [29] has proved that x
is small in the graphs with a large spectral gap ( (m) tends to be proportional to x 1 when m increases in networks with a large spectral gap, and
Proof. see Appendix C.
Application to the inflexible contrarian opinion (ICO) model
In this section we apply the studied centrality metrics to select the inflexible contrarians in the inflexible contrarian opinion (ICO) model [27] to help one opinion to compete with another. Both network models and three social networks will be considered.
The ICO model
The ICO model is a variant of the non-consensus opinion (NCO) model [24] . The ICO and NCO models are both opinion competition models in which two opinions exist and compete with each other. In the NCO model opinions are randomly assigned to all agents (nodes). At time t = 0 each agent is assigned opinion A with a probability f and opinion B with a probability 1 − f . At each subsequent time step each agent adopts the opinion of the majority of its nearest neighbors and itself. When there is a tie, the opinion of the agent does not change. All of the updates are made simultaneously in parallel at each step. The system reaches a state in which the opinions A and B coexist and are stable when f is above a critical threshold f c . When the NCO model is in the stable state, the ICO model further selects a fraction p o of agents with opinion A to be the inflexible contrarians who will hold opinion B, will never change their opinion, but will influence the opinion of other agents. The two opinions then compete with each other according to the update rules of the NCO model. The system will reach a new stable state by following these opinion dynamics.
We use S 1 and S 2 to denote the size of the largest and the second largest clusters of agents with opinion A in the new stable state. A phase transition threshold f c separates two different phases of the stable state. When f > f c , a giant component of agents with opinion A exists and the coexistence of opinions A and B is stable. When f ≤ f c , no giant component of agents with opinion A exists (S 1 = 0). The f c depends on p o . When p o = 0, the ICO model clearly reduces to the classical NCO model and they have the same critical threshold f c . When 0 < p o < p * , the threshold f c of the ICO model increases with p o , but the size S 1 for the finial stable state decreases with p o . When p is above a certain value p * , the phase transition no longer occurs, and the giant component of agents with opinion A is completely destroyed (S 1 = 0).
Strategies of selecting inflexible contrarians using centrality metrics
The final stable state of the ICO model is affected not only by the percentage p o , but also by how inflexible contrarian agents are selected. Here we select the inflexible contrarians based on their centrality metrics. Li et al. [27] studied the ICO model by choosing the inflexible contrarian agents with opinion A either randomly or according to highest degree. The degree strategy is significantly more effective than the random strategy in reducing the size S 1 of the largest opinion A cluster in the stable state when p o is the same. Here we want to determine which centrality metric used to pick the inflexible contrarians reduces S 1 most efficiently. We also want to determine whether the S 1 decrease is similar when the inflexible contrarians are chosen based on two strongly correlated (with a large Pearson correlation coefficient or a high centrality similarity) centrality metrics.
Here the inflexible contrarians are chosen as nodes with highest (i) betweenness, (ii) degree, (iii) 1st-order degree mass, (iv) 2nd-order degree mass, (v) eigenvector component, (vi) k-shell index, or (vii) leverage or (viii) chosen randomly. 
Comparison of inflexible contrarian selection strategies
We first compare the efficiency in decreasing the size S 1 of the largest opinion A cluster in ER and SF networks when choosing the inflexible contrarians using different centrality metrics. We consider ER networks (N = 10 We find that all strategies are more efficient in SF networks than in ER networks of the same size. We base this on two observations. First, the relative change of f c with p o for all strategies in SF networks is larger than it is in ER networks. Second, the p * for all strategies in SF is much smaller than it is in ER networks. The reason for this may be that (i) hubs can be readily selected as inflexible contrarians when using centrality metrics in SF networks, and (ii) hubs can strongly influence the opinion of their large number of nearest neighbors. Figure 6 compares these centrality metrics in real-world networks, i.e., the ConMat 95-99 network, the ConMat 95-03 network, and the Astro Ph network. Note that the inflexible contrarians selected using the leverage L n , the betweenness B n , and the degree D are the most efficient in helping opinion B win the competition. In both network models and real-world networks, strongly correlated centrality metrics tend to perform similarly. For example, we have discovered both numerically and theoretically that ρ(
Correspondingly, the principal eigenvector x 1 strategy performs closer to the 2nd-order degree mass D (2) than the 1st-order degree mass D (1) in the ICO model.
Conclusion
In this paper we have studied the correlation between widely studied and recently proposed centrality metrics in numerous real-world networks as well as in network models, i.e., as in Erdős-Rényi (ER) random networks and scale-free (SF) networks. A strong correlation between two centrality metrics indicates the possibility of approximating one centrality metric, usually the one with a higher computational complexity, using the other. We study the correlations between the centrality metrics using the Pearson correlation coefficient and the centrality similarity. An important finding is that the degree D, the 1st-order degree mass D (1) , and the 2nd-order degree mass D (2) are strongly correlated with the betweenness B n , the closeness C n , and the principal eigenvector x 1 , respectively. This observation is partially supported by our analytical proof that
We have introduced the degree mass D (m) as a new network centrality metric. The 0th-order degree mass is the degree and the high-order (m → ∞) degree mass is proportional to the principal eigenvector x 1 . We also find that the influence of network size (the number N of nodes) on the Pearson correlation coefficients is small. In addition, the leverage L n has high centrality similarities with the degree D and the betweenness B n . We use these centrality metrics to select the inflexible contrarians in the ICO model to help one opinion to compete with the other. The leverage L n turns out to be the most efficient strategy in both network models and real-world networks. We also find that strongly correlated metrics perform similarly in the ICO model. This suggests that the metrics with a low computational complexity, such as the degree D and the leverage L n , could be used to approximate more complex metrics, e.g., the betweenness B n , to locate important nodes in complex networks.
Examples of important nodes would include inflexible contrarians in opinion propagation networks and nodes that should be immunized in disease transmission networks.
A Description of the real-world networks A.1 Descriptions 
A.2 Properties of the real-world networks
The properties of real-world networks are shown in the Table 2 . The definition of these properties has been described in detail in [42] . Table 2 : Properties of real-world networks. The real-world network index is shown in Table 1 . N is the number of nodes, L is the number of links. E[H] is the average shortest path, CG is the clustering coefficient of networks. ρD is the degree correlation coefficient (called the assortativity) of networks. λ1 is the largest eigenvalue (called spectral radius) of the adjacency matrix of the network. µN−1 is the second smallest Laplace eigenvalue (called spectral radius) of the networks. µ1/µN−1 is the ratio of the largest eigenvalue µ1 and the second smallest eigenvalue µ1 of Laplacian matrix. RG is the effective graph resistance. 
B Pearson correlation coefficients between centrality metrics
The correlation indexes mentioned in the following images and tables are the indexes for pairs of centrality metrics:
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and the variance is V ar[D (1) 
The average and the variance of 2nd-order degree mass are
V ar[D (2) 
Proof. The generating function for the probability distribution of node degree is defined as
and the generating function of the degree of the node that we arrive at by following a randomly chosen link is
where E[.] is the expectation. If we start at a randomly chosen node, the generating function of the degree of a nearest neighbor of this node follows Eq. (5). The 1st-order degree mass D (1) of a node equals the degree sum of the node and its neighbors. The generating function has the 'powers' property [41] , that the distribution of the 1st-order degree mass of a node obtained from one nearest neighbor is generated by
then, the distribution of the total of the 1st-order degree mass over k independent realizations (k nearest neighbors) of the node is generated by kth power of ϕ D (z) * as 
In addition, the generating function has the 'Moments' property [41] , that E[ D Similarly, the distribution of the 2nd-order degree mass is generated by ϕ D (ϕ D (1) (ϕ D (1) (z))). Hence, we obtain the generating function of the 2nd-order degree mass as
Thus, we can obtain (3) and (4).
C.2 Proof of Lemma2
Proof. The eigenvalue equation Ax = λx leads to λ 
The Pearson correlation coefficient follows as
The ratio of the two Pearson correlation coefficients is ρ(D 
